where k, £, and m are positive or negative integers. In eq. We have investigated the following potentially dangerous resonances:
-3 - In sections 2 and 3 we discuss th~ computer method of calculating betatron growth by simulating the experimental magnetic fields. Then, in section 4 the analytic method is discussed, in which growth is calculated from certain parameters that characterize the radial and (possible) azimuthal variations of the magnetic field and can be determined from the magnetic measurements·. (Often these field parameters can b~ estimated from simple calculations.) After determining these, field variations, one can use the convenient analytic formulas given in section 4 to predict the growth for each resonartce. The growth rates calculated from these formulas when compared with the computer calculations have agreed typically within 30% and in the worst case within a factor of 2.
Computer Simulation of the Experimental Magnetic Field
T.o compute the effect of a betatron resonance on a particle, one must simulate closely the driving terms of the actual magnetic field. 
Symmetric Field
The experimental apparatus for forming rings usually contains ( then be calculated by integration of the Biot-Savart law 7 ).
If the particle is closer than about 20 cm to the coil, however, the helical nature and crossover region of the windings can alter the magnetic field; see section 2.2.
The coils in the apparatus of ref.
2) were pulsed, so that the currents used in the program could be taken from those ~easured experimentaliy with Rogowski belts. Alternatively they could be calculated from knowledge of the voltages and capacity of the capacitor banks, and the inductance, mutual inductance, and resistances of the coil system. Both methods gave essentially the s~~e result, so the latter method usually was used.
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-5 -Because of the pulsed nature of the fields, the magnetic field from one coil could induce eddy currents in the copper turns (whether shorted or unshorted) of another coil. For a shorted loop, the current induced in the complete circuit can be calculated in a rather direct manner. However, the induced eddy currents due to the physical presence of the copper even when the coil is open must also be included. This was taken into account in computation of the symmetric field by means of simulation circuits comprised of two adjacent current loops with current in opposite directions. The currents in these loop pairs (which were driven by the active coilS) were calculated in the program after par_~meters, such as the mutual inductances to the main coils, were adjusted so that the resulting magnetic field gradients were in agreement with measured values.
The calculated symmetric magnetic field agreed very well with measured field, the difference being less than 2%.
Azimuthally Varying Fields
Azimuthal variations of magnetic fields arise from two sources:
(a) asymmetric coil construction or location, (b) eddy currents in metal that is nonazimuthally symmetric and in spatially localized ferromagnetic material.
The coils were placed very accurately with regard to center and tilt, and the possible field perturbation from this effect was estimated to be small. The effect of coil leads was also calculated.
This introduced a field asymmetry of only 0.1% in the midplane B z
Coil Sets IB, 2, and 3 (see fig. 1 of ref.
2) were wound with a threefold symmetry in their crossovers (inner radius to outer radius).
This minimized first and second harmonic perturbations but introduced -6 -a third harmonic variation. The magnitude of this effect was calcu~ latedfor a current element with the geometry of the crossover conductor, and the resultant axial field was 0.5 to 1% of the total symmetric field. During the first stage of compression only Coil Sets lA and lB were'energized, but eddy currents in the unshorted copper crossovers of Coil Sets 2 and 3 produced field perturbations of the same magnitude as those ariSing from the normal currents in the crossovers in Coil Set lB.
Eddy currents in the copper-iron injection snout 2 ), the stainless steel flanges, probe housing, etc. gave rise to large peripheral bumps in the magnetic field. Fig. 1 shows the azimuthal variation of the axial field component in the median plane for two radii at the time of injection. Similar data were obtained as a'function of time for,several radii from 11 cm to 19 cm· Also direct midplane measurements of (6B /6r) were made. z
The third harmonic component was described by the calculated field contribution from the crossovers. In addition, four circular current o loops (and a bias field) were used to simulate the peripheral bumps.
The radius and location of each loop were chosen to fit the width and radial variation of the measured bump. The currents in the four simulation loops were determined as a function of time by a least-squares fit of the calculated fields B (r, 8, z = 0, t) to the measured midz plane fields. A typical example of such a calculated field at injection time for R 19 cm is shown in fig. 2 . At injection time the guide field was typically 700 G.
The compressor was designed to have median-plane symmetr~ in its magnetic field during the compression cycle. Although Coil Set 3 was mechanically unsymmetric, the turn-to-turn spacing i.n the short coil - 
Computer and Some Experimental Results for Betatron Amplitude Growth
A typical calculated compression cycle is plotted in fig. 3 to indicate how the radius R, magnetic field B, kinetic energy T, and magnetic field index n vary with time. The variation with time of n at the location of the closed orbit (as on fig. 3 ) we will call the "n trajectory." Trajectories similar to this could be calculated for any set of parameters used in the experiment.
The n value at the location of the closed orbit could be shifted experimentally by putting a small current through a coil set which by itself would cause a large value of n at that location. For example, a small capacitor (of an n-shifter circuit) coul~ be discharged through
Coil Set IB (see fig. I of ref.
2) to shift the n trajectory at large radius.
-;
... An example of crossing this resonance during the experiment 2 ) is shown in fig. 6 . The x-ray signal is due to an axial loss of electrons when the n trajectory crossed n = 0.5. By moving the ring into a probe at smaller radius it was determined that about 1/3 of the electrons were lost on this resonance. one revolution is about 3.5 nsec.
Since the particle's position is not always printed out for its maximum axial or radial excursion, it is convenient to take for the axial and radial amplitudes the quantities and where Pz and
(n Pr are the momentum components, mO' is the electron is the ratio of total mass to rest mass, ill is the ce gyrofrequency, and R is the radius of the closed· orbit. By tracking particles in a constant magnetic field, R can be determined for a given electron energy. However, in traversing a resonance, R chang--· es with time. Since R ~ r a n d r is easier to obtain in the ave ave computer calculation, rave was used for most of the calculations of . The relationship between axial and radial amplitudes for this resonance is 5 ). . .
• - growth rate was shown to be roughly proportional to Ar
In determining the total. growth developed in traversing this reso- 
The resonances do not always occur exactly at the expected value of n (see fig. 4 ) because of the modification of the axial' equation by radial motion of appreciable amplitude.
where Rand t are the radius and time at'which the resonance is crossed. Then the maximum growth rate, total growth, growth factor, and full width of the resonance are given by will apply.
To minimize the growth caused by traversing this resonance one wishes to minimize the quantity (3 + 20b" -56b,,2 -12b'"). Frg. 11 shows the curve of the equation
This relation between b" and b'" for minimum growth was checked with a computer code using approximate equations of motion, and the four points obtained by minimizing growth for a given b" are also plotted in fig. 11 .' Results with exact particle trajectories were also consistent with this curve. 
Growth Factor lOG , 
Growth Factor = lOG
and 6n = 0·73 M.
.. .. 
where 
It should be noted that the formulas above apply for the particle with the maximum growth on the l'hase-space ellipse (see fig. 10 ) .
Discussion
To Looking at the formulas for "total growth" one notes that the total growth is proportional to the factor 1/ \dn/d(rev) I. Thus if a resonance can be crossed more rapidly this, in general, will reduce the growth, particularly since it appears in the exponent of the "growth factor." This will work well if the growth is not too large. (e) Using this solution, determine the width of the stop band of the resonance, the maximum growth rate, and the total growth.
We obtain the equations of motion from the Principle of Least Action,
where 2 is the mechanical momentum and A is. the vector potential. .. In passage through the resonance there is an accumulated growth that can be estimated by use of eq. (A17), which is conveniently rewritten as
In passage through the resonance, n increases from its value at the other. On the assumption that the growth is not so great that turnover has occurred or is approached, the y amplitude is expected to f n",,~ grow by the factor exp I-ld8. If the resonance is traversed at a 
or the total growth is
The width of the resonance is Here also the relation between· the oscillation frequencies is homogeneous, and it again is appropriate to focus attention on the effect of nonlinearity in the magnetic field.
(A26)
The resonance 2vr -2v z 0 is of higher order than most of the coupling resonances to which attention has been given, leading, for example, to a predicted "stop-band width" that is proportional to the square rather than to the first power of the radial amplitude. Srecial care must be taken, therefore, not to omit effects whose consequences would be of the same order as those treated in the analysis, and the -27-algebraic work correspondingly is tedious. The analysis presented below has, however, been subjected to some computational checks and is believed to constitute an adequate semiquantitative description of the axial growth that can arise from the 2v 2v resonance. r z
The magnetic field can be adequately described by means of an azimuthally directed vector-potential function that is developed in terms of the' coordinates x and y as t 
Here n is the field index, and b", b"' are constants that have been evaluated at the (circular) equilibrium orbit of radius R [see eqs.
(ll)]. The differential equation for uncoupled radial motion (A3) with use of this vector potential is
such a term is not required for the present analysis; however, since only linear forces are included in the differential equation for axial motion used here. 
The linearized differential equation that describes small-amplitude axial excursions is obtained from eq. (A5): Cl: 2
The differential equation ( 
..
"'
""2::.
In a low order "f approximation, we write the solution to (A50) as 
we conclude the estimated width of the resonance indicated by the stability boundaries ist t .
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